Abstract. We consider a pair of noncommutative solitons in the noncommutative Yang-Mills/M(atrix) model. In the case when the solitons are separated by a finite distance their "polarisations" do not belong to orthogonal subspaces of the Hilbert space. In this case the interaction between solitons is nontrivial. We analyse the dynamics arisen due to this interaction in both naive approach of rigid solitons and exactly as described by the underlying gauge model. It appears that the exact description is given in terms of finite matrix models/multidimensional mechanics whose dimensionality depends on the initial conditions. The results are being generalised to the case of interacting solitons with arbitrary "polarisations".
Introduction
Recent progress in the theories over noncommutative spaces (for a review see e.g. [1, 2, 3, 4] and references therein), is related to the relevance of these models to the nonperturbative dynamics of the string theory [5, 6, 7, 8] .
The noncommutative models share many common features with their commutative counterparts, however, there is a striking dissimilarity between them in some aspects. One particular difference discovered recently and atracted some interest is that in noncommutative models there exists a type of localised solutions inexistent in the models over commutative spaces. This solutions are conventionally called "noncommutative solitons".
The noncommutative solitons, in a scalar model with potential having nontrivial minima were first discovered in [9] , in the limit of strong noncommutativity. These solutons were interpreted as condensed lower dimensional branes living on a noncommutative brane [10, 11] . They were further generalised to the case of a mild noncommutativity by allowing the presence of the nontrivial gauge field backgrounds [12, 13, 14, 15] .
The general multi-soliton solutions look like sums of projectors to mutually orthogonal finite-dimensional subspaces of the Hilbert space. In the case of just one projector the plane it projects we will call the "polarisation" of the soliton. So, all the solitons in a solution must have "polarisations" orthogonal to each other. The "polarisation" of a single soliton describes the orientation of the state it projects to and it fully depends on the gauge. In the case of several solitons one can arbitrarily fix the polarisation of one soliton while the remaining are restricted to the orthogonal completions.
In the case when one picks up two copies of solitons with the same polarisation but shifted one with respect to the other along the noncommutative plane the polarisations of the solitons will not be orthogonal anymore. This means that this configuration fails to be a static one. The objective of the actual paper is to analyse the dynamics arisen so far. As soon as the noncommutative solitons correspond to 0-branes leaving on a (stack of) noncommutative brane(s) we pretend to describe also the dynamics of interacting 0-branes in the above context.
The plan of the actual paper is as follows. First, we introduce the reader to the basics of the noncommutative solitons. After that we analyse the soliton dynamics in both naive approach when we treat solitons as rigid particles and neglect the dynamics of the "shapes" of the solitons and in an exact approach when all possible deformations are taken into account. The comparison reveals unexpected features in the behaviour of the interacting solitons. This description is generalised to the interacting solitons with arbitrary mutual polarisations to which the saparated solitons are a particular case.
The Model
Consider the noncommutative (2+1)-dimensional model described by the following action,
Here fields X i , i = 1, . . . , D are time dependent Hermitian operators, acting on Hilbert space H which realises a irreducible representation for the one-dimensional Heisenberg algebra generated by,
Operators x µ satisfying the algebra (2) are said also to be the coordinates of a noncommutative two-dimensional plane. In this interpretation the operators of the Heisenberg algebra H can be represented through ordinary functions given by their Weyl symbols. The composition rule for the symbols is given by the Moyal or star product,
where f (x) and g(x) are Weyl symbols of some operators, f * g(x) is the Weyl symbol of their product and ∂ µ , ∂ ′ µ denotes the derivatives with respect to x µ and x ′ µ . Integration of a Weyl symbol corresponds to 2πθ×trace of the respective operator, while the partial derivative derivative with respect to x µ corresponds to the commutator,
where p µ is given by p µ = (1/θ)ǫ µν x ν . Since there is one-to-one correspondence between operators and their Weyl symbols we will not distinguish between them, i.e. keep the same character for both, unless in the danger of confusion.
The model (1) describes the noncommutative Yang-Mills(-Higgs) model in the temporal gauge A 0 = 0 1 and in a particular background [16, 17, 18] , which is the same thing with the bosonic part of the Hilbert space BFSS M(atrix) model [19] . Neglecting the issues with Gauss law one has a "simple" noncommutative scalar model in (2+1) dimensions. In what follows we are going to cover all these cases.
For our purposes it will be convenient to use "complex coordinates" given by oscillator rising and lowering operators a andā 2 ,
This model is known to have a class of static localised i.e. solitonic-like solutions, given by commutative matrices of finite ranks [14] .
Up to a gauge transformation the N -soliton solution is given by,
where c i n is n-th eigenvalue of the (finite rank) operator X i . Due to the finiteness of the rank the Weyl symbol of X i vanishes at infinity as quick as Gaussian. Thus, the simplest one-soliton solutions looks like
where c i give the "height" and the "orientation" of the soliton, while the oscillator vacuum state |0 is its "polarisation". In the star-product form this operator is represented by the Weyl symbol X i (z) = 2c i e −2|z| 2 . A shifted by a (c-number) vector with complex coordinates u,ū soliton is given by
In the case of a single soliton by a linear transform of the fields X i → Λ j i X j one can get rid of "orientation", i.e. to "orient" the soliton along a single X i , say, X 1 . Also, one can perform a time-dependent gauge transformation
which turn the soliton to the center, but produce a kinetic term for u, like ∼u 2 /2. Thus a single soliton moves freely like a particle. The analysis of small perturbations of the solitonic solutions solutions (6) reveals that there are no tachyons, therefore they are also stable [14] .
In what follows we are going to analyse the situation when there is a couple of solitons separated by a distance u.
A pair of interacting solitons
For the simplicity we will analyse only two fields X i , i = 1, 2, of the model (1) and consider two solitons placed at arbitrary points of the noncommutative plane.
Thus, the solitons are described by their heights, orientations and polarisations, c i α as well as their positions u (α) , where α = 1, 2 enumerates the solitons. As we discussed in the previous section, one can apply a gauge (9) to decouple the position "center of mass" of the solitons u c.m. = u (1) + u (2) which has a free motion and consider the dynamics depending only on the relative positions of the solitons u = u (1) − u (2) . In the case of two solitons one can choose them to have orthogonal orientations, e.g. one along X 1 and another aligned along X 2 . Thus, the configuration we consider looks like,
where we introduced the shorthand notations,
In the rest of this paper we will consider c 1 = c 2 = 1. 3.1. Naive picture: rigid solitons. Consider first a naive approach where we are dealing with rigid interacting solitons which means that we are neglecting the deformations in their shapes. Therefore the only parameter which we allow dynamics to is the separation distance u. To get the action describing this dynamics let us insert the ansatz (10) into the classical action (1) .
The computation of derivatives and traces gives for the u-dependence of the action,
The potential has the cup shape (see the fig.1 ) with a minimum at the origin and approaching the same minimal value at the infinity. In this approach two solitons when left sufficiently close they will tend to join to form a double soliton and oscillate around the equilibrium point. At some critical distance u c = √ θ they will stay in unstable equilibrium while for bigger distances they repel.
It is not difficult to see that the effective action we obtained describe a commutative dynamics. (A indicator could be the fact that the system is one dimensional.) The puzzle is solved if one see that the distance between two noncommutative objects can be commutative. Indeed, if x µ 1 are the coordinates of the first soliton and x µ 2 belong to the second one, and the both satisfy the algebra (2) with the same θ, in this case their difference is fairly commutative,
where we naturally assume that the coordinates corresponding to different solitons
The above conclusions concerning the soliton dynamics are valid, however, only in the approach when one can neglect the involvement of the soliton shape in the dynamics.
To evaluate this one should add an arbitrary perturbation to the solitonic background (10) , to test the relevance of such a perturbation and to find the limit when one can neglect them.
In this approach one is faced with the following problem. The generic perturbation of the configuration (10) is redundant since the arbitrary hermitian perturbation also contains the modes which correspond to the motion of the solitons. These modes are already taken into account and these means that the perturbed system possesses a gauge invariance. One has, therefore, to introduce a gauge fixing condition for the deformations of the solitonic solution in order to describe only deformations of the shape and not moving the solitons as a whole. The unpleasant part of this is that there is no clear way to distinguish between motion and just deformation of a soliton.
In order to avoid this, in what follows we will try to find an exact description of the dynamics of interacting solitons.
3.2. Exact description: Solitons at rest. The exact description of the solitonic dynamics is given, of course, by the equations of motion for the fields X i ,
which correspond to the action (1), and with initial conditions for the fields given by the solitonic background (10) . In addition to this one has to consider the initial values for the velocities. Thus, the initial conditions we impose are as follows,
Considering the solitons in the initial moment as being at rest produces a considerable simplification of the model. Indeed, in the operator language the initial data (10) say that the operators X i are nonzero only on the two-dimensional subspace of the Hilbert space which is the linear span of vectors V |0 and V −1 |0 . From the other hand the equations of motion imply that the "acceleration"
3Ẍ i the range in at most the same subspace of the Hilbert space with X i . Since we choose the initial velocities to vanish, the operators X i will remain all the time in the same two-dimensional subspace of the Hilbert space. The conservation law governing this behaviour is the Hilbert space angular momentum conservation,
which in the noncommutative Yang-Mills case is exactly the Gauss law. (As it is known the Gauss law is a conserved quantity, although having the trivial value in the Yang-Mills theory.)
Let us reduce our model to the two-dimensional subspace H u of the Hilbert space which is spanned by |±u/2 and introduce there an orthonormal basis. The most simple to built basis is given by vectors |± , defined as follows (see the Appendix),
The singularity in the |− in the limit u → 0 appears since in this limit |u/2 and |−u/2 tends to be parallel and the subspace become one-dimensional.
In this basis our problem is reformulated in terms of the 2 × 2 matrix model with equations of motion coinciding with (15)
where X i are now finite 2 × 2 matrices. The initial conditions in this basis are rewritten as follows,
It is worthwhile to note that the description in terms of 2×2 matrices is valid only for the situation where the solitons were initially at rest. The conditionṡ X i | t=0 = 0 is an additional specification and it says that also the shapes of the solitons are not changing at the initial moment. One may try, however relax the last condition and consider more general initial configurations including solitons with rising/decreasing height forẊ i = 0. One can consider more general initial conditionẊ i | t=0 ∝ X i for which the same description in terms of 2×2 matrices remains valid. Solution of this type but for the case of free coinciding solitons (u = 0) was considered in [20] .
Similar equations as ones given by (19) although in a different context of the onedimensional ordinary Yang-Mills model have been studied long ago by [21, 22, 23] as well as in the modern context of the application to the finite N matrix model (see [24, 25] ). They were shown to exhibit stochastic behaviour. Let us describe it in the application to this particular case.
Our setup allows one still to reduce (19) , (20) to a simpler model of a twodimensional particle in a specific potential. In order to do this let us expand the matrices X i in terms of the two-dimensional Pauli matrices σ α , α = 1, 2, 3, satisfying,
and the two-dimensional unity matrix I 2 as follows,
Using this expansion one can rewrite the equations of motion in the form as follows,Ẍ
where X 2 1,2 = X iα X α 1,2 , for the initial conditions one also has, X α 1,2 = 0, (23d)
In particular the equation (23a) says that the scalar parts of the matrices X 1,2 remains constant during the motion (X The noncommutative function which corresponds to a particular solution X α i (t) will be given by
where X α i (t) are the solutions of to (23) and σ α (x) are the Weyl symbols corresponding to the Pauli matrices (in the chosen two-dimensional subspace of the Hilbert space). They can be computed as well and are as follows (see the Appendix),
1 − e −|u| 2 ez u−ūz + e −zu+ūz ,
As it can be seen from the eqs. (24),(25) the time evolution of the fields is such that generally the fields X 1,2 have values different from the trivial ones only in the small vicinity (having the size of the order of ∼ √ θ) of z = 0 and z = ±u/2. This means that irrespective to the initial distance between the solitons once left with zero initial velocities they will not try to leave their places, their dynamics instead will concern only their heights and (maybe) the creation of a "baby-soliton" in the middle point in between. Let us note that this is surprising since it is in total disagreement with the naive approach drawn in the previous subsection, since there is no regime when the solitons would behave like ordinary particles.
Let us consider now the equations of motion and initial conditions (23) in more details. The solutions to these equations give the description of the dynamics of the solitons which where at rest at the initial moment, and this description would be exact.
The equations (23) are too complicate to find the solution in a general context, however, the the rich symmetries of the equations of motion and initial data allows one to find a simplifying ansatz.
Assuming that the magnitudes of X 1 and X 2 are equal X 2 1 (t) = X 2 2 (t) also for nonzero times,the assumption which can be checked later as a consistency condition for the ansatz, but also proved independently of the ansatz usin the conservation laws, one can divide X α 1 and X α 2 into two orthogonal vectors X α and Y α as follows,
the equality of the square modules X 2 1 (t) = X 2 2 (t) implies that X and Y should remain orthogonal. The equations of motion require that X and Y satisfy,
where
The initial conditions are respectively,
From eqs. (27) one can see that the directions of the vectors X α and Y α shall remain unchanged, thus leaving them orthogonal to each other, which makes the assumption X 2 1 (t) = X 
one has the equations for the magnitudes X and Y ,
which are supplied by the initial data,
As we mentioned earlier the system (29) exhibits a stochastic behaviour as well which has been studied both numerically and analytically [21] - [25] . In particular, in the limit when one coordinate is much smaller than another, say X ≪ Y one has the asymptotic solution [25, 26] ,
The asymptotic formula (30,31) can provide a reliable description of the system for a certain period of time for extremal cases when the soliton center separation distance is either large (q ≡ e −|u| 2 ≪ 1) or small ( 1 − q 2 ≪ 1). Thus, if u → ∞ (q ≪ 1) then for times less than ∼ t stoch = gq −1 , one has asymptotic solution,
after which the stochasticity arisies. In the opposite case when the solitons are close one can again give a reliable description for of the dynamics by the asymptotic formula,
valid for times up to ∼ t stoch = g(1 − q 2 ) −1/2 after which the system falls into the stochastic motion as well. Now, let us recall that in terms of X(t) and Y (t) the dynamical field describing the solitons take the form,
2 (ez u−zū + e −zu+zū ), and,
where the functions σ 1,3 are given by the eqs. (25) . Let us note that the function σ 1 (z, z) is localised in the points where the solitons are i.e. at z = ±u/2 while the function σ 3 (z, z) is localised at both soliton positions as well as at the origin where is the middle of the soliton centers connecting line. The analysis of the solution (34) reveals that once left at their positions the solitons will not tend to move away from them but engage in a different activity of creation of the "replica" solitons at z = u/2 and z = −u/2 for respectively X 1 and X 2 and creation of a "baby" soliton for both X 1 and X 2 at the middle point which is the origin. This process can be reliably described for a while of time in the limits when the solitons are placed very close or very far each case degenerating to stochastic, although correlated variation in the heights of the solitons.
A property of the system under consideration is that the motion of theheights is finite unless soliton separation is zero or infinite. In these exceptional cases the soliton heighs will increase linearly in the time as described by the solution found in [20] .
Exact description: Solitons in motion.
In the case of solitons having nonzero initial velocities the situation does not change much except that in this case a bit more complicate system.
Under nonzero initial velocity we mean that the solitons are changing their positions in the noncommutative space at the initial moment. These are described, up to the motion of the "center of mass" which according to our earlier discussion decouples, by the same operators (10) where the separation distance u at initial moment has non-vanishing time derivative. The moving solitons imply specific time derivative for the fields given by the chain rule,
or, explicitly, using (10),
Now, one has to solve the infinite dimensional operator equation of motion (15), where the initial conditions for X i | t=0 remain the same while ones for the velocities are replaced by,
where v andv are respectively the holomorphic and the anti-holomorphic parts of the initial soliton velocity.
Applying the same logic as in the previous subsection we see that the initial data are given by operators which are nonzero only in a four-dimensional subspace H v u of the infinite-dimensional Hilbert space H, which is spanned by our two old vectors |±u/2 together with other two newcomersā |±u/2 = 2(∂/∂u |±u/2 ). Let us note that they are all linear independent for u = 0.
The further strategy to deal with the new situation is completely analogous to the old one. One has to expand fields X i in terms of the four-dimensional unity matrix and the generators of su(4) with respect to some orthonormal basis of H v u , to get the equations of motion for two particles in a fifteen-dimensional Euclidean space. The equations one gets this way are similar to (23) , except that the index now α runs through the range α = 1, . . . , 15. One can rewrite the initial conditions in this basis as well.
The equations one gets here are similar to ones from the previous subsection because they are written in more dimensions, however, they share with them more or less the same features, e.g. they can be reduced in the same way to the two dimensional system described by equation (29) althought with a different initial condition. In what follows we skip the derivations analogous to the previous case but involving more dimensions and concentrate on the qualitative picture which is clear so far.
The qualitative picture one has in this situation does not change much in comparison to the case of solitons a rest. Just as in the previous case there is a stochastic dynamics of the heights of the solitons and creation of "replica" and "baby"-solitons while the centers of the solitons will keep moving with the initial velocities. Indeed, the accelerating soliton core contains the second derivatives of the fields over u, which gets out of H v u , but as we see by the dynamics and conservation laws the fields remain always there the acceleration should vanish identically. In general the solution is given by a linear combination of the functions (50) their first derivatives (∂σ α /∂u), (∂σ α /∂ū) and their mixed derivatives (∂ 2 σ α /∂u∂ū) (but not the second derivatives like (∂ 2 σ α /∂u 2 ) and (∂ 2 σ α /∂ū 2 )).
3.4.
The Gauss Law. Once we want to relate our system to the the YangMills/BFSS model we have to care about the Gauss law constraint, which is obtained from the variation of the A 0 component of the original noncommutative Yang-Mills/BFSS action. This constraint looks like follows,
As we discussed at the beginning of this section the equations of motion imply that the quantity (38) is at least conserved. Indeed, using the equations of motion one hasL
Therefore to get a self-consistent solution for the Yang-Mills/M(atrix) theory one has to verify that L(0) = 0. For zero velocity initial conditions this is implied automatically, while for the moving solitons one has,
where "h.c." stands for the Hermitian conjugate.
The equation (40) imposes a constraint on the possible initial velocities v andv. It appears that this constraint too tight so that only the trivial value of the initial soliton velocity v =v = 0 can satisfy it for nonzero u.
However, this violation of the Gauss law can be compensated by the presence of nontrivial electric charge density which cancels it. It is possible because in the presence of external sources the Gauss law becomes,
where ρ is some electric charge density which appears in the action as a term ∆S charge = d p+1 x ρX 0 and which is chosen to cancel (40) exactly. (Here we are not going to analyse in which conditions such charge density can be created.)
As a result we have that the Gauss low is satisfied automatically in the case of the solitons at rest, while for moving solitons one needs some background charge distribution.
3.5. Note: A strightforward generalisation to arbitrary polarisations. One can find a strightforward generalisation of the description to the case of two solitons having arbitrary polarisations irrespective to whether they correspond to a separation in the noncommutative space or not.
Indeed, consider two solitons (10) , except that the gauge factors V are not the shifts by u but arbitrary unitary operators. Again we consder also the case c 1 = c 2 = 1. operators X 1,2 in this case are given by projectors to two arbitrary states,
One has to supplement this with the initial data for the velocities. Consider first the case of trivial initial velocities,Ẋ
This case is analogous to the case of the solitons at rest but with the quantity q substituted by the cos of the angle between vectors |α and |β , q = α | β (44) (Previously it was q = −u/2 | u/2 = e − 1 2 |u| 2 .) Of course, the same qualitative and quantitative description as for the case of shifted solitons at rest remains valid here, including that in the case when q = 0 it is a stochastic system described by a 2 × 2 matrix model.
As one can expect the case of nonzero initial velocities also reduces to the considered one but with equations (37), replaced by,
where vectors |η and |ν provide initial data for the velocity in changing |α and |β in the initial moment,
(|η and |nu replace here the oldā |±u/2 in the case of shifted solitons of motion.
In this case one should care also about the Gauss law to be fulfilled.
Discussions and Conclusions
In this paper we considered the dynamics of the interacting noncommutative solitons.
The naive approach for the dynamics is obtained when one considers the motion of the solitons as rigid structures and not their deformations. The action in this approach is given by initial classical action of the noncommutative model computed when all "degrees of freedom" except the positions of the solitons are frozen. This corresponds to neglecting the soliton shape deformations. In this approach one gets that the soliton pair dynamics is described by a nice-shaped potential having minimum at the origin and Gaussian decay at the infinity. The space where the solitons live looks in this case like an ordinary commutative space.
The exact analysis of the interacting soliton dynamics in the the framework of the original noncommutative theory, however, refute above description since it appears that in fact it is the shape only which is affected by the dynamics, while the motion of the centers of the solitons is not affected at all by their interaction. In the case of two solitons in the rest the exact description reduces to an 2 × 2 matrix model, while the moving solitons are described by 4 × 4 one. In particular we have that the U(1) parts of these model have trivial (the constant velocity motion) dynamics, while the remaining SU(N) parts exhibit stochastic behaviour.
The property of this dynamics that it does not affect the motion along the line connecting the solitons goes conter-intuitive to what one could expect from interaction of (quasi)particle objects. Let us note that an analogous situation was met in the analysis of the vortex interaction in the applications to solid state physics, [27, 28, 29] , where a behaviour similar to the noncommutative one was observed.
It appears that these results can be easily generalised to the case of solitons with arbitrary polarisations not related to the shifts along noncommutative space. The dynamics of such solitons or branes does not differ qualitatively from the case shifted ones, however, in this case we do not have simple intuitive paprameters like the distance or the speed but have to deal with D0-brane mutual polarisations instead.
Thus, it seems that the interpretation in terms of branes when one interprets the heights of the solitons as the coordinate of the 0-brane in the direction transversal to the noncommutative brane is the most natural. In this context it appears that the dynamics of interacting branes affects only the motion in the transversal directions in which D0-branes are "bouncing" around the noncommutative brane.
Translating the abovesaid about solitons to the branes, we learnt that the dynamics of two interacting 0-branes is described by U(2) M(atrix) model in the case 
or compute directly the Weyl symbols using the formula, X ∼ dkdk e i(kz+kz) tr Xe −i(ka+kā) .
Let us choose the first way. The sigma-matrices are expressed in the nonorthogonal basis of |±u/2 as follows, The plots of functions σ α (z, z) can be seen on the fig.3 .
